ABSTRACT. In this paper, we introduce a new formulation of the theory of continuous spectrum eigenfunction expansions for self-adjoint operators and analyze the question of when operators may be approximated in an operator norm by finite sums of multiples of eigenprojections of multiplicity one. The theory is designed for application to ordinary and partial differential equations; relationships between the abstract theory and differential equations are worked out in the paper. One motivation for the study is the question of whether these expansions are susceptible to computation on a computer, as is known to be the case for many examples in the discrete spectrum case. The point of the paper is that continuous and discrete spectrum eigenfunction expansions are treated by the same formalism; both are limits in 
INTRODUCTION
Eigenfunction expansions may be considered as an abstraction of the idea of approximating complicated waves by finitely many standing waves. For discrete spectrum eigenfunction expansions associated with a self-adjoint operator H in a Hilbert space L2(X,p) the rate of convergence of the expansion has been the subject of a great deal of research. In the continuous spectrum case, sums are replaced by integrals, and the question of whether the integral can be approximated by a finite sum has not been studied. This paper begins such a study; first, however, we indicate why the question is important, and what sort of answers we look for. It is helpful to take a naive look at the method of separation of variables, or If the discrete approximation property holds, the eigenfunctions used to perform the expansion do not have to be recalculated for each new function being expanded, and only finitely many coefficients must be calculated. In other words, up to a certain error, functions become elements of Cn, and semigroups generated by the original self-adjoint operator become semigroups of diagonal matrices. Continuous spectrum expansions have at present no such theory; these are modelled on the inverse Fourier transform, so instead of finite sums one must work with integrals which in general only converge in the mean, and convergence in operator norm is not discussed.
One consequence of this is that the theory of continuous spectrum eigenfunction expansions appears to have no computational significance; it seemingly cannot be put onto a computer. This situation, which if true would lead to problems of whether the theory is well-posed in any reasonable sense, contradicts the intuition gained from the Fourier transform; the Fourier transform is well-known to be computationally significant. The purpose of this paper is to begin a continuous spectrum theory modelled on the discrete spectrum case, where finite sums appear instead of integrals. In order to do this, it has been useful to reformulate the existing theory of these expansions. More about this reformulation will be given later in this introduction.
The discrete approximation property is shown in section 3 to follow if the operator in question is a convergent operator-valued integral, in B(Y,Z), of eigenprojections, which in the continuous spectrum case must go from a space Y smaller than L. to a space Z large enough to contain the eigenfunctions. Hence we must study when the expansion is such an integral. This is shown in section 3 to be true when the measure of A is finite, with respect to an invariant measure depending for a cyclic subspace only upon Z. This measure is the one which normalizes the eigenfunctions in Z.
For Sturm-Liouville theory for the Dirichlet problem on a fini'te interval, with H and Z L(R), the sort of convergence we study is well known to occur, as it does in many other discrete spectrum problems. Even in discrete spectrum problems, however, the calculation of appropriate spaces and Z is often nontrivial. In this paper, in the discrete or continuous spectrum case, they are calculated using a priori estimates on the domain of H. Eigenfunctions satisfy the equation H'F ,F in a certain dual space and are members of Z.
To study the discrete approximation property for an arbitrary bounded continuous function of H, we show that it is sufficient to study the property for the spectral projections P(A) for [1] is a fundamental reference, but it is difficult to extract specific information from such a general theory. The work of Simon [8] , which is functional-analytic though it is specifically slanted toward SchrSdinger operators, is a clear and rigorous approach to the theory with a lot of specific information.
The paper of
Poerschke-Stolz-Weidmann [5] is more general, and also has more elenentary proofs. This paper has been followed up by Poershke and Stolz [6] , who give applications of their results to scattering theory.
With such a large and excellent literature, why give yet another approach to the whole theory? We do so, partly to obtain the crucial assertion iii) of Lemma [5] and [8] ; for example, our theory also demands more smoothness on the coefficients when applied to differential equations, as we discuss below.
The relationship between this work and that of [5] , [6] and [8] [7] .) The 
The third assertion follows immediatdy; the lemma is proved. IIB'{j$ (j) ( (2) () e L2(X,p), and 11()ll2-< IIll-However, since # is finite on A, it follows that 11()ll2-< (e())l/211ll2 by the Schwartz inequality. [4] show, using the results of this paper. A number of lemmas are proved in this section, which seem fairly obvious, such as the existence of a cyclic vector. The proofs and statements are included because the author is unable to find them in the literature, in the continuous spectrum ase. Proof." It is not difficult to see that the restriction of B' to L2(IRn is a compact operator.
Call this operator V. By taking adjoints, we see that V is also compact. But 11011y I1(V*)-10112; the compactness of the injection from Y into L2(n follows immediately. 
